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Abstract. In this article, we first give some elementary proprieties of monoids and fans, then 
construct a toric scheme over an arbitrary ring, from a given fan. Using Valuative Criterion, we prove 
that this scheme is separated and give the sufficient and necessary condition when it is proper. We also 
study the regularity and logarithmic regularity of it. Finally we study the morphisms of toric schemes 
induced by the homomorphisms of fans. 



Introduction 

The study of toric varieties began in the early 1970's. Till now, people have made great progress in 
this field. Many applications in algebraic geometry, complex manifolds and number theory etc. have 
been discovered. Tadao Oda [4] is a comprehensive book on this area. Till now the treatment of toric 
varieties need more or less the technique of complex analysis. This may hamper its applications in 
number theory, where we must study algebraic scheme over any base ring, especially over Z or finite 
fields. So I am determined to find a purely algebraic approach once and for all. 

The keystone of this kind of construction is the concepts of convex cone and concave cone. In 
geometry, convex cones are always contained in some affine space, whereas convex cones here are 
contained in some free abelian group of finite rank, which acts the role of the affine space. For 
convenience to algebraic treatment, we invent its dual notion concave cone. Having these two 
concepts as bricks, we can easily define fans and toric schemes (over arbitrary rings); and their 
properties, for example separatedness and properness, easily follow. 

We also construct logarithmical structures on toric schemes and prove that when their base rings 
are regular, they are logarithmically regular. Hence by [1], their singularities can be solved. 

In this article, rings, algebras and monoids are all assumed to be commutative and have identity 
elements. A homomorphism of rings (resp. monoids) is assumed to preserve the identity element. A 
subring (resp. monoid) is assumed to contain 1 of the total ring (resp. monoid). 

1. Monoids and Ideals 

In this section, we list some elementary results about monoids and ideals, which can also be found 
in many other references, for example, [IJ. 

Lemma 1.1. A monoid M is integral if and only if M ^ is injective, where M^p is the 

Grothendieck group associated with M. 

Definition 1.2. Let M be an integral monoid and P a submonoid of M. If P^p H M = P, then we 
say that P is full in M. 

Lemma 1.3. Let M be an integral monoid and S a submonoid of M. 

(1) S^'^M is an integral monoid with Grothendieck group M^^. 

(2) If M is saturated, so is S^^M. 

Lemma 1.4. Let M be an integral monoid and N a submonoid of M. Then 
(1) M/N is also integral. 
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(2) There is an isomorphism of groups : 

y y 

(3) IfM is saturated, so is M/N. 

Lemma 1.5. Let M be a finitely generated saturated monoid. Then there is a submonoid N of M 
such that M = N X M*. Moreover all such submonoids N satisfy the following conditions. 

(1) N* = {1} and M^p = x M*. 

(2) N is finitely generated and saturated. 

Definition 1.6. Let M be a monoid. A subset / of M is called an ideal of M if MI C 7. An ideal I 
of M is called a prime ideal if its complement M — 7 is a submonoid of M. We denote by Spec M 
the set of prime ideals of M. 

For example, and M — M* are prime ideals of M. 

For p G Spec M, we define Mp :- S~^M, where S = M - p. 

For a homomorphism h: M — > N of monoids, we have a canonical map 

SpeciV SpecM, p /i"^(p). 

Theorem 1.7. Lef M be a monoid and p a prime ideal of M. Put N = M — p. Then: 

(1) q 1-^ A^~^q is a bijective from the set {q & SpecM | q C p } to SpecMp. 

(2) ^ ^DN is a bijective from the set {^i e Spec M \ p Q^} to Spec N with the inverse 
map q i-H- q U p. 

Assume that M is integral, then: 

(3) (Mp)* = iVeP. 

(4) There is a canonical isomorphism of monoids: 

M/N ^ Mp/(Mp)* . 

Hence {M/N)* = {1}. 

(5) If M is finitely generated, so is N. 
Assume that M is saturated, then: 

(6) is a saturated, full submonoid of M. 

(7) MSP/iVSP is torsion free. 

Definition 1.8. For a monoid M, we define dim(M) to be the maximal length of a sequence of prime 
ideals po C pi C ■ ■ ■ C pr of M. If such a maximum does not exist, we define dim(M) = oo. 

Lemma 1.9. Let M be a finitely generated monoid. Then SpecM is a finite set. 

Lemma 1.10. Let k be a field and M a finitely generated integral monoid. Assume that M^p is 
torsion free. Then 

dim(A;[M]) = rank(MSP) . 

Lemma 1.11. Let M be a finitely generated integral monoid. Assume that M* = {1} and M^p is 
torsion free. Then dim(M) = 1 if and only if M = N. 

2. Algebras Generated by Monoids 

Lemma 2.1. Let M be a finitely generated saturated monoid with M* = {0}. Then M is isomorphic 
to a submonoid of f^"^ for some integer n ^ 1. 
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Proof. For convenience to iterate, we view M as an additive monoid. We use induction on 
r = rank(MeP). If r = 0, then M = {0}; and if r = 1, M ^ N. 

Now assume that r > 1. By Lemma 1.11. dim(M) > 1. Let pi be a maximal element of the set 
{p e SpecM I p 7^ M - {0} }. Put iVi = M - pi. By Theorem 1.7(2). dimA^i = 1. Hence by 
Lemma HL Ni = N. Put Ni=N-x, where x G M. 

Let khea field. Put A = k[M] and m = (M - {0}) • A. By Lemma 1.10. 

ht(m) = dimj4 = r > 1 . 

Let ^ be a minimal prime ideal of A containing x. Then ht(*p) = 1. We have 

X G p2 *P n M / M - {0} . 

Put A^2 = — p2- By Theorem 1.7. for each i = 1,2, Mi/Ni is a finitely generated saturated monoid 
with {Mi/NiY = {0}. Obviously 

rank(Af/iVi)SP = rank(M§P/iViSP) < rank(MSP) = r . 

By induction, there is an injective homomorphism : Mi/Ni N"' of monoids. Let 

vTi : M — > M/Ni be the canonical map. Put 

a: M ^ M/Ni® M/N2, x ^ {■ki{x),tt2{x)) . 

Let rj G Ni^^r\N2^ . Note that A^i^p = Z-x. Hence if 77 / 0, we may assume that rj = ax = y — z, 
where a > and y, z G N2. Then 

y = ax + Z e p2 , 

a contradiction. So A^i*^p n = {0}, which infers that the homomorphism 

^gp. AfgP ^ (MSP/iViSP) e (MSP/iV2*^P), e ^ (vriSP(0,vr2SP(e)) 
is an injective, thus a is an injective. Put n = ni + 722. Then 

I:- (/ie/2)ot^: M^N" 
is an injective homomorphism of monoids. □ 
Applying 2J_ and the results from [2^ p. 320], we obtain the following theorem. 

Theorem 2.2. Let M be a monoid. Then the following conditions are equivalent: 

(1) M is isomorphic to a submonoid of W for some integer r > and the ring K[M] is integrally 
closed for some field K. 

(2) M is finitely generated, saturated and M* = {!}. 

(3) M is isomorphic to a full submonoid of W for some integer r > 0. 

(4) M is isomorphic to a finitely generated submonoid of W for some integer r > and for every 
integrally closed domain D, the ring D[M] is integrally closed. 

3. Convex Cones and Concave Cones 

All abeUan groups and monoid appearing in this section are presumed to be additive. 
We fix a finitely generated free abelian group G. Put 

G* := Hom(G, Z) . 

We identify G** with G. 
Definition 3.1. 

(1) A finitely generated saturated submonoid M of G is called a convex cone in G if M* = {0} 
and G/M^P is torsion free. 

(2) A finitely generated saturated submonoid of G is called a concave cone in G if A^^p = G 
and G/N* is torsion free. 
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Lemma 3.2. Let M be a finitely generated saturated monoid, p a prime ideal of M, N = M — p, P 
a monoid and 6 G P. Then there is a a (z Hom(M, P) such that a\is[ = and C7(p) C 6 + P. 

Proof. Put Mo = M/N. Then Mq is also a finitely generated saturated monoid such that Mg = {0} 
and Mq^ is a free abelian group. By Theorem 2.2. We may regard Mq as a full submonoid of N*" for 
some integer r > 0. Then there is a homomorphism t: W ^ P of monoids such that 

r(l,0,...,0) =r(0,l,...,0) = ••• =r(0,0,...,l) =6. 

Put 0" = t|mo ° : M ^ P, where vr: M — > Mq is the canonical homomorphism. Then a satisfies 
the required conditions. □ 

Theorem 3.3. 

(1) Let M be a convex cone in G. Then 

M { (J G G* I Vx G M, a{x) ^ } 

is a concave cone in G*. 

(2) Let N be a concave cone in G. Then 

N := {a £G* \ yx £ N, a{x) ^ } 

is a convex cone in G*. 

(3) For any convex cone M in G, (M)^ = M. 

(4) For any concave cone N in G, (N)"^ = N. 

(5) Let M be a convex cone in G and p G Spec M. Then M — p is a convex cone in G. 

(6) Let N be a concave cone in G and q G Spec A^. Then is a concave cone in G. Moreover 
(iV,)* = (iV-qr. 

Proof. (1) Obviously (M)^^ C G* and M is saturated. Assume that M is generated by 

Xi,X2, ■ ■ ■ ,Xr £ M — {0}. 

Let a G G*. Then there is an s G N such that s + a{xi) ^ for each i. By Lemma 3.2. there is a 
Ti G Hom(M, N) such that 

ri(M-{0}) C s + N. 

Since G/M^^ is torsion free, ti^p : M^p TL can be extended to be a homomorphism t : G ^ TL. 
Obviously r, r + o" G M. Hence o G {Mf^. Therefore G* = {Mf^. 
It is easy to show that 

(M)* = { fj G G* I M^P C ker(fT) } . 

Hence we have 

{MY ^ (G/MSP)* ^ G/MSP 

is torsion free. 
Note that 

(J : M — > N*", a i— > {a{xi).,a{x2), ■ ■ ■ , (T{xr)) 
is a homomorphism of monoids. Put L = Im(u;) and let C = {Cij^2, ■ ■ ■ , &) S L^"^ n N^'. Write ^ as 
^ = io{a) — uj{t), where a, r G M. Then we have 

(fj - r)(xi) = o-(xi) - T{xi) = e'N. 

Hence cr — r G M, and ^ = uj{a — t) G L. Therefore L^p n N** = L, i.e., L is a full submonoid 
of N*". By Theorem 2.2. L is finitely generated. So we may let ri, r2, . . . , G M such that L is 
generated by u;(ri), a;(T2), . . . , uj{t„i)- ti, T2, . . . , G Af generated a submonoid L' of M. Now 
for any cr G M, there is a r G L' such that u;{a) = uj{t), i.e., a - r G (M)*. Hence M = L' + (M)* 
is finitely generated. Therefore M is a concave cone in G*. 
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(2) Obviously N is saturated and {N)* = {0}. Put X = { cr G G* | iV* C kercr}. Then 
(A^) C X. Assume that is generated by xi,X2, • • • , Xn, where xi, X2, . . . ,Xr S N — N* and 

Xr+l, ...,Xn£N*. 

Let a G X. Then there is an s € N such that s + a{xi) ^ for each 1 ^ i ^ r. By Lemma 3.2. 
there is a ti G Hom(Af , N) such that 

Ti{N - N*) C s + n, nliv. =0. 

Put r = nSP. Then r, r + cr € iV, i.e., a € m^. Therefore iV^P = X and G*/iVSP is torsion free. 

Obviously to: N W, a i— > ((t(xi), c7(x2), • • • , cr(xr.)) is a homomorphism of monoids. Since 
TV C X and X^p = G, c<j is an injective. It is easy to show that uj{N) is a full submonoid of N*". 
Hence by Theorem 2.2. N is finitely generated. 

Therefore iV is a convex cone in G*. 

(3) For any x € G, we have 

X G (Mr Vfj G M, a{x) ^ . 

Hence M C (M)^. On the other hand let x G G - M. If x i M^p, as G/M^ is torsion free, there is 
an element a € G* such that a\Msp = and (7{x) < 0, hence x i. (M)^. Assume that x G M^p. By 
Theorem 2.2. we may regard M as a full submonoid of N*" for some integer r > 0. Let : — > Z 
be the i-th projection. Since M^p n = M and x ^ M, there is a projection satisfying that 
Pi(x) < 0. pi|A/gp : M^P Z can be extended to a homomorphism o" G G*. Then o" G M and 
(t(x) < 0. Hence x i. {My. Therefore M = {My. 

(4) For any x G G, we have 

X G {Xy ^ Vfj G iV, a{x) ^ . 

Hence N C {X^ . Let x G G — X. Let vr : G ^ G/X* be the canonical homomorphism. By Lemma 
1.4. we may regard that X/X* C G/X* and (iV/iV*)SP = G/X*. Obviously 7r(x) ^ X/X* and 
{X/X*)* = {0}. By Theorem 2.2. we may regard X/X* as a full submonoid of N'' for some integer 
r > 0. Let Pi : Z*^ — > Z be the i-th projection. Then there is a projection pi satisfying pj(7r(x)) < 0. 
Put a = Pi\G/N* ° TT. Then u G iV and a{x) < 0. Hence X = {X^ . 

(5) and (6) are obvious. □ 

Theorem 3.4. Let M be a convex cone in G and X be a concave cone in G. Let p G Spec M and 
q G SpecX. 

(1) We have 

p - { o- G M I 3x G M - p, cj(x) > } G Spec M 

and 

m^ = {m-pY. 

(2) We have 

q := {cr G iV I 3x G iV - q, cr(x) > 0} G SpeciV 

and 

iV - q = {X^r ■ 

(3) (pr = p- 

(4) (q)^ = q- _ 

(5) dim M = dim M and dim X = dim X. 

Proof. (1) Obviously p G SpecM and Mp C (M - p)"^. Assume that M is generated by 
xi, X2, . . . , x„, where xi, X2, • • • , x^ G p and x^+i, . . . , x„ G Af — p. Let a G (M — p)"^. Then there 
is an s G N such that s + a{xi) ^ for all 1 ^ i ^ r. By Lemma 3.2. there is a r' G Hom(M, N) 
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such that t'|a/-p = and t'(p) C s + N. t'^^ : M^p — > Z can be extended to a homomorphism 
t: G ^Z. Then r G M - p and r + cr € Af , i.e., a e Mp. Hence Mp = (M - p)^. 

(2) Obviously q G Spec iV and iV - q C {N^y. By Theorem L7(3), (iVq)* = (iV - q)^". Hence 
for all a G (A^q)^, (iV - q)^^ C ker a, i.e., cr G iV - q. Therefore iV - q = (iVq)^. 

(3) For any a; G G, 

X G (pP <J=^ X G Af and 3a e M -p, a{x) > . 

Hence (p)^ C p. By Lemma 3.2. there is a r' G Hom(A/, N) such that r'|j\f-p = and 
t'{p) C 1 + N. r'SP : AfSP Z can be extended to a homomorphism t: G ^Z. Then r G M - p 
and t{x) > for any x G p. Therefore (p)^ = p. 

(4) For any x G G, 

X G (q)^ ^ X G iV and 3cr G iV - q = (iVq)^, o-(x) > . 

Since (A^q)* = {N - q)*^^, (q)"^ C q. By Lemma 32, there is a n G Hom(A/, N) such that 
Ti(q) C 1 + N and nl^-q = 0. Put r = n^P : G ^ Z. Then r G iV - q and t(x) > for any 
X G q. Therefore (q)"^ = q. 

(5) is from (3) and (4). □ 

4. ToRic Schemes 

In this and following sections, we need some knowledge of log structures. [3] and [IJ are good 
references in this field. 

First we give the definition of fan. Let G be a finitely generated free abelian group. 

Definition 4.1. A fan in G is a nonempty collection A of convex cones in G satisfying the following 
condition: 

(1) for any P G A and p G Spec Af, P - p G A. 

(2) for any P, Q G A, P n Q = P - p = Q - q for some p G Spec P and q G Spec Q. 

The union | A| Upga ^ called the support of A. A is said to be finite if A is a finite set, and is 
said to be complete if | A | = G. 

Now we begin to construct the toric scheme from a given fan A in G. Let P be a ring. For each 
P G A, let 

Up SpecP[P]. 
Then P — > P[P] generates a log structure on Up, denoted by .^p. 

Let P G A and p G Spec P. Put Q = P - p and S = P - p. Then is a finitely generated 
monoid. Since Q = Pp by Theorem 3.4( 1). we have 

R[Q] = R[Pp] ^ S-'^R[M] , 

hence Uq —> Up is an open immersion and = ^p|uq- 

Now let P, Q G A and let p G Spec P, q G Spec Q such that PnQ = P-p = Q-q. Then we 
may regard that 

Up n Uq = UpnQ . 

In this way we can glue {Up[PGA}to form a scheme of finite type over R, denoted by T(A, P), 
which is called a toric scheme over R. Obviously { | P G A } can be glued to form a log 
structure on T(A, R), denoted by ^(A, R). 

Let O := {0} G A. Then for any P G A, Uo C Up. 

If P = A: is a field, by Lemma 1.10. we have dim(T(A, k)) = rank(G). 

Lemma 4.2. Let P,Q(^A. Then the following conditions are equivalent: 

(1) peg. 
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(2) Up C Uq. 

(3) There exists a point x G Up fl Ug such that mx^x T\ P = P — P*. 

Proof. (1) (2) is by the definition of T(A, R). 

(2) (3). Put A = R[P]. Let m be a maximal ideal of R. Set^ = m ■ A + {P - P*) ■ A. Since 
= {R/m)[P*] is integral, *p € Spec A. *p correspond to a point x in Up, which satisfies the 

required conditions. 

(3) ^ (1). Let p G Spec P such that PDQ = P -p. Since x G Up n Ug = Upng = Up-_p, we 
have P-P* = mx,xr\P C p. Hence p = P-P* and p = (p)^ = 0. Therefore P = PflQ C Q. □ 

Theorem 4.3. Let Rbe a noetherian ring. Then the following conditions are equivalent. 

(1) T { A, R) is quasi-compact; 

(2) T(A, i?) is a noetherian scheme; 

(3) A is finite. 

Proof (3) ^ (2) ^ (1) is obvious. 

(1) =^ (3). Since T{A,R) is quasi-compact, there are a finite number of convex cones 
Pi, P2, . . . , Pn in A such that 

n 

T(A,i?) = UUp, . 
1=1 

Put 

A' = { P G A I P C for some i } . 
By the definition of fan and Lemma L9. A' is a finite set. 

Let P G A. Since P C P, by Lemma 42, there is a point x G Up such that mx,x CiP = P- P*. 
Assume that x G Up^. Then by Lemma 4.2. P C Pj, i.e., P G A'. Hence A = A' is a finite set. □ 

Theorem 4.4. IfR is integral (resp. integrally closed), then T(A, R) is integral {resp. normal). 

Proof. Let P G A. By Lemma L5. there is a finitely generated saturated submonoid N of P such 
that Af* = {1} and P = iV X P*. We have P* ^ Z*^ for some r G N. Hence 

R[P] ^ P[P*][iV] ^ R[Z''][N] . 

By Theorem 2.2 if R is integral (resp. integrally closed), so are P[Z^] and P[Z^] [A^]. □ 

Theorem 4.5. Let Abe a R-algebra. Then 

T(A,P) xpSpec^^T(A,A). 

In the following, we will use Valuative Criterion{see [EGA] II 7.2.3 and 7.2.8) to discuss the 
separatedness and properness of toric schemes. 

Lemma 4.6. Let K be afield, v a valuation of K, G a finitely generated free abelian additive group, 
f : G ^ K* a homomorphism of abelian groups. Put := {x G G | v{f{x)) ^0}. IfG^N, 
then 

(1) For any x ^ G, x ^ N or —x G N. 

(2) N is a concave cone in G. 

(3) N ^n, i.e., N = n- xfor some x G G*. 

Proof. (1) and (2) are obvious. 

(3). Put M = N. Then M / {0} and M = N. By Lemma 1.11. We have only to prove that 
dimM = 1. Assume that dimM ^ 2. Then there is a p G Spec M such that p / 0, M - {0}. Let 
X G M— (pu{0}) and y G p. By Lemma 1^ there ai-e cti , cj2 G M such that (Ti (x) > 0, (T2\m-p = 
and a2{y) > Put a = ai — 02. Then a{x) > and a{y) < 0. Hence a, —a ^ M = N. This 

contradicts (1). □ 
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Lemma 4.7. Let K be a field. Let 99: Specii' — > T(A,i?) be a morphism of schemes. Then 
(/?(SpecK) C Uo- 

Lemma 4.8. T(A, R) is quasi-separated over R. 

Proof. Note that for all P, Q € A, Up fl Uq = UpnQ is affine, a fortiori quasi-compact. □ 
Theorem 4.9. T(A, i?) /s separated over R. 

Proof. Let {A,K,v) be a valuation ring. Let y?: Specif T{A,R), ip: Spec^ —>■ Speci? and 
4>i : Specj4 T(A, R){i = 1, 2) be morphisms of schemes which make a commutative diagram. 



Specie: 



T{A,R) 



(4.1) 




Spec A >- Spec R 

Let m„ denote the maximal ideal of A. Let Pj € A such that (/)j(mi,) € Up-. Then (/)j(Spec A) C Up.. 
By Lemma 4.7. (/3(Spec K) C Uq- Hence Diagram (4.1) induces a commutative diagram of rings. 

pc — ^R[Pi]^ — ^R[G*] 



Put 

N -{xGG* \vifix))^0}. 
If = iV, then P - N = {0}. If G'' / iV, by the Lemma 46. is a concave in G*. Then 
Pi'^N, N C (Pi)^ = Pi. We have 

P:=Pir\P2^N. 

In both cases, we have P G A and C P C iV. Hence we have f{R[Pi\) C f{R[P]) C A and 
^i(SpecA) C Up C Up . So 01 = 02. As T(A,P) is quasi-separated, by Valuation Criterion, 
T(A, P) is separated over R. □ 

Theorem 4.10. T(A, R) is proper over R if and only if A is a finite and complete fan. 

Proof. (1) Assume that T(A, P) is proper over P. Let m be a maximal ideal of P and set A; = P/m. 
Then T(A, k) is proper over k, thus is a noetherian scheme. By Theorem 4.3. A is finite. 

Let X be any element in G. Then there is an element y ^ G such that x = ry and Gj^Ly = 
where r G N and n = rank(G). Put M := Ny, then M is a convex cone in G. Put 
N = M,p = N-N*,A = k[N] and ^ = pA e Spec A. Let K be the quotient field of A. 
Then there is a valuation ring (P, v) of K/k such that A Q B and Ci A = ^. By Lemma 4.6. 
A^' := {n G G* I !;(«) } is a concave cone in G and N' = N. Since iV C N', we have 
N' C N = M, hence iV' = M. Since T( A, k) is proper over k, B has a unique center ^ on T(A, k). 
Let P G A such that ^ G Up. Then P <^ N' , and we have x G A/ = iV' C P. Hence A is complete. 

(2) Assume that A is finite and complete. By Theorem 4.9. T( A, P) is separated over over P. 

Let {A,K,v) be a valuation ring. Let ip: SpecPT T(A,P) and ip: Spec A SpecP be 
morphisms of schemes which make a commutative diagram. 



SpecK— ^T(A,P) 



(4.2) 



Spec A 



SpecP 



PURELY ALGEBRAIC METHOD TO CONSTRUCT TORIC SCHEMES 



9 



By Lemma 4.7. ip{SpecK) C Uo- Hence (4.2) induces a diagram of rings. 

R ^-^A 



¥\HN ■- {x eG* \ v{f{x)) ^0}. If AT = G*, then f{R[G*]) C A. Hence /: R[G*] ^ ^induces 
a morphism : Spec A — > Uo C T( A, ii) which make (4.3) commutative. 

Specif ^^T( A, i?) 

(4.3) 

Spec A — Spec R 

So we may assume that 7^ G*. By Lemma 4.6. is a concave cone in G* and iV = N • e for some 
e € G. Since A is complete, there is a P S A containing e. Then P Q N . We have f{R[P]) C A. 
Hence 

g:=f\j,^pyR[P]^A 

induces a morphism 

Spec^^UpCT(A,P), 
which make (4.3) commutative. By Valuative Criterion, T(A, i?) is proper over R. □ 

5. Regularity and Logarithmical Regularity 

Now we study the regularity of Toric Schemes. 

Lemma 5.1. Let R be a noetherian ring, M a finitely generated saturated monoid such that M^p is 
torsion-free. Then R[M] is regular if and only if R is regular and M = 77 x W for some r, s E N. 

Proof Put A = R[M]. Obviously if R is regular and M ^Z'' xW,A is regular. 

Now assume that A is regular. Let p be any prime ideal of R. Then *p := p ■ A is a prime ideal 
of A. Since A is flat over R, A(p is flat over Rp. By [6, Theorem 23.7], Rp is regular. Hence i? is a 
regular ring. 

By Lemma 1.5. M = U x A^, where A^ is a finitely generated saturated monoid with A^* = {!}. 
Put A' = R\n'\. Let p be a minimal prime ideal of ^4'. Since R is regular, so is N and N^. Hence 
K := A'p is a field. As A'[N] ^ R[M] is regular, so is its localization A'[A^] ^ S-'^{A'[N]), where 
S = A' -p.FutB = K[N] and m={N - {!}) • B. Set 

T = N - {1} U {x ■ y \ X, y e N - {1}} . 

Then N can be generated by T. Obviously i^T • T is a AT-linear subspace of B with dimension = 
Put m' = mBm- Then we have 

m'/m'^ ^ m/m^ ^ K -T . 
By Lemma 1.10. dimBm' = rank(A^sP). Since Bm' is a regular local ring, we have 

|T| = dimi^(m7m'2) = diuiB^, = rank(AfSP) . 
Put T = {xi,X2, • • • , Xs}, then the following homomorphism 

^ {ai,a2, . . . , a,) ^ x^^x^^ ■ ■ ■ x"/ 

is an isomorphism. Hence A^ ^ N", i.e., M ^ x N". □ 

Theorem 5.2. T( A, i?) is a regular scheme if and only if R is regular and for each P ^ /\, P = W 
for some r € N. 
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Next, we study the logarithmical regularity of Toric Schemes. First, we give the definition of 
logarithmical regularity introduced in [1, p.1075-1076]. 

Definition 5.3. Let {X, ^) be a log scheme. We say {X, ^) is logarithmically regular at a point 
X G X, if the following two conditions are satisfied. Let I{x, ^) be the ideal of Ox,x generated by 
the image Ji^ — 0\ ^. 

(1) Ox,x/I{x, ^) is a regular local ring. 

(2) dim(Ox,x) = dim(Ox,x//(2;,^)) +rank(^|P/0^ J. 

We say (X, ^) is logarithmically regular if {X, ^) is logarithmically regular at all x ^ X. 

Lemma 5.4. Let Rbe a noetherian local ring with maximal ideal m, M a finitely generated saturated 
monoid with M* = {1}. Put A = R[M] and m' = m ■ yl + (M — {!}) • A. Then m' is a maximal 
ideal of A with ht(m') = dim(i?) + rank(MSP). 

Proof. Obviously A is flat over R and m' n i? = m. We have 

ht(m') = ht(m) + ht(m7m^) (by [5], (13.B), Theorem 19) 
= dim(i2) + dim(fc[M]) (put k = R/m) 
= dim(i?) + rank(MSP) (by Lemma LJO) □ 

Theorem 5.5. Let Rbe a regular ring. Then (T(A, R),^{A, R)) is logarithmically regular 

Proof. Put X = T(A,i?) and ^ = ^(A,i?). We use the notations introduced in Definition 
5.3. Let X be any point of X. Assume that x G Up, where P G A. Put M = P, A = Ox,x 
and / = I{x,^). Then Up = Speci?[M] and x corresponds to a prime ideal *p of i?[M]. Thus 
A = R[M]^. Put p = M n <p. Then / corresponds to the ideal p • i?[M]>p of R[M]^. By Lemma 
1.5. there is an integer r ^ and a finitely generated saturated monoid N such that N* = {1} and 
Mp ^ AT X 7/. Then 

A - [R[M,])^, 

^{Ri[N\)^, (putfli = P[Zn) 

^ (i?2[X])q33 (put R2 = {Rlh2nRr) 

Obviously R2 is a regular local ring with maximal ideal m2 = (^2 H • i?2- Put A' = R2[N], 
m' = m2- A' + {N - {1}) • A' and B = A'^,^. Since m' C and m' is a maximal ideal of A', 
we have = m'. Note that / corresponds to the ideal {N — {1}) ■ B of B. Hence A/ 1 = i?2 is a 
regular local ring. We have 

dim(A) = ht(m') 

= dim(P2) + rank(AfSP) (by Lemma 5A) 

= dim(^//) + rank(^|P/^;) 
By the definition, {X, ^) is regular at x. □ 

6. MoRPHiSMS OF Toric Schemes 

Definition 6.1. Let (G, A) and (G', A') be two fans. A homomorphism ip: {G, A) {G', A') of 
fans is a homomorphism ip: G — > C of groups satisfying that: for each P G A there exists a P' G A' 
such that ip{P) C P'. 

In the following, we let i? be a ring. 
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Theorem 6.2. Let ^p: {G,A) — > (C, A') be a homomorphism of fans. Then 99 gives rise to a 
morphism 

cp^: {T{A,R),^{A,R)) {T{A' , R), ^{A' , R)) 

of log schemes over R. 

Theorem 6.3. Let ip : {G, A) — > (G' , A') be a homomorphism of fans. Then for any P' G A', 

v:H^p')= U Up. 

PGA 
(p(P)CP' 

Proof Put X = T{A,R), X' = T{A',R) and f = ip^: X X'. Let x G f-^{\Jp,). We may 
assume that x E Up^, where Pi € A. Then there is a P" € A' such that ^p{Pi) ^ P". We have 
p' G Spec P' and p" G Spec P" such that 

p/ n p// ^ p/ _ p/ ^ p// _ p// 

Put Qi = A, = -P', = P", q' = P' and q" = p"". x corresponds to a prime ideal ^ of R[Qi]. 
Put qi = «p n Qi, V = V^Ipi : -Pi ^ -P" and (/> = 99* |q// : Q" ^ Qi. Since 

fix) G Up' n Up" = Up'nP" = Up'/_p" , 

we have a natural homomorphism of i2-algebras: R[Q'^ii] — > P[Qi]<p- Using the following 
commutative diagram 

Q'K — . Q'y — . i?[Q'^'„] 
Qi ^R[Qi]<p 

we obtains (p-^im) C q". Hence p := V^Hq") ^ q"i- Put P = Pi - p. Then tf{P) C P" - p" C P'. 
Since qi C p, x G Up C f-^{Up'). □ 

Theorem 6.4. Lef (p: (G, A) — > (G',A') Z7e a homomorphism of fans. Then 
ip-t,: T{A,R) — > T(A', P) proper if and only if for each P' G A', the set 

Ap, {P G A I (^(P) C P'} 

is finite and 

v^\p')= n ^- 

PGAp, 

Proof. By Theorem 6.3 and Lemma 1.9. we may assume that A' is finite. 

(1) Assume that ip^ is a proper morphism. Let m be a maximal ideal of R and set A: = P/m. Then 

X := T( A, A;) ^ T(A, R) xr Spec A: , 

X' :=T(A',fc) ^T(A',P) Spec A:, 

and the morphism 

/:= ip, XRid-.X^X' 

is proper. As X' is a noetherian scheme by Theorem 4.3. so is X. Hence A is a finite set. 

Let P' G A' and u G ip^^{P') be any elements. Then there is an e G G such that u = ae 
and G/Ze = Z"^^, where a G N and n = rank(G). M := Ne is a convex cone in G. Put 
AT = Af, p = iV - iV*, ^ = k[N] and «p = p^ G Spec^. Let K be the quotient field 
of A. Then there is a valuation ring {B,v) of i^/A; such that A C P and Ci A = So 

= { ti G G* I u(n) ^ }. As P' is saturated and ip{u) = a ■ <p{e) G P' , we have (/^(e) G P', hence 
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<f{M) C P' . ip induces a homomorphism k[P'] —>■ k[N], and the following commutative diagram of 
rings 

k[P'] ^k[N]'^ 



induces a commutative diagram of schemes 

Spec K 



k[G*]^ 



K 



X 



Specs 



X' 



By Valuative Criterion, there is a morphism g : Spec B ^ X of schemes which make a diagram 



Spec K ■ 



X 



SpecB 



X' 



Since f{g{'mv)) G Up/, by Theorem 6.3. there exists a -P € A such that g{my) € Up and 
ip{P) C P'. As k[P] C B, we have P <ZN. Hence M = N <^P. 
(2) Assume that for each P' E A', A p/ is finite and 

^-\p')= n ^- 

PeAp, 

Let X T(A, R), X' ■- T(A', fi) and / = y?* : X ^ Y. By Theorem 49. / is separated. Let 
(yl, K, be a valuation ring. Let a : Spec K ^ X and /3 : Spec A — > X' be the morphisms of 
schemes which make a commutative diagram. 

a 



Spec K ■ 



Spec A ■ 



X 



/9 



/ 



X' 



(6.1) 



Assume that /3(m„) C Up/, where P' € A'. By Lemma 4.7. (^(SpecET) C Uq- Obviously 
/(Uo) ^ Uo' ^ Up'. Then (6.1) induces a commutative diagram of rings 



R[P'] 



A 



Put iV = { X G I v{5[x)) ^ }. If iV = G\ then 5{R[G*]) C yl and 5: R[G*] A induces a 
morphism g : Spec ^ — > Uo Q X which make a commutative diagram. 

Spec ivT^^X 

(6.2) 

Spec^^^X' 
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So we may assume that N ^ G*. By Lemma 4.6. is a concave cone in G* and iV = N • e for some 
e £ G. As ip*{P') C A^, we have e E iV C {p^^{P'). By the assumption, there is a P G A such that 
e € P C ip-^P'). So P C AT, and we have 6{R[P]) C A. Hence 

5' := 5\j,^py R[P] ^ A 

induces a morphism g : Spec A Up C X which make (6.2) commutative. By Valuative Criterion, 
/ is a proper morphism. □ 

Theorem 6.5. Let k be afield. Let (p: (G,A) — > (G',A') be a homomorphism of fans. Then 
: T( A, k) — T(A', k) is birational if and only iff. G ^ G' is an isomorphism of groups. 

Proof. Obviously we have only to prove that if y?* is birational, then ip is an isomorphism. Put 
H = G*,H' = G'* and = ip* : H' ^ H. Since the homomorphism 0: k[H'] k[H] induced by 
■ip is an injective, so is ip. So we may regard H' as a subgroup of H. As (p^ is birational, k[H'] and 
k[H] have the same quotient field, denoted by K. We have 

rank(i^) = dimT(A,A;) = dimT(A',fc) = rank{H') . 

Hence H/H' is a finite group and k[H] is a finite integral extension of k[H']. By Theorem 4.4. k[H'] 
is an integral closed integral domain. Hence k[H'] = k[H], i.e., H' = H. Therefore p: G ^ G' is 
an isomorphism. □ 
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